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The asymmetric quantum Rabi model (AQRM) has a broken Z2 symmetry, with generally a non-
degenerate eigenvalue spectrum. In some special cases where the asymmetric parameter is a multiple
of the cavity frequency, stable level crossings typical of the Z2-symmetric quantum Rabi model are
recovered, however, without any obvious parity-like symmetry. This unknown “symmetry” has thus
been referred to as hidden symmetry in the literature. Here we show that this hidden symmetry
is not limited to the AQRM, but exists in various related light-matter interaction models with an
asymmetric qubit bias term. Conditions under which the hidden symmetry exists in these models
are determined and discussed. By investigating tunnelling dynamics in the displaced oscillator basis,
a strong connection is found between the hidden symmetry and selective tunnelling.
I. INTRODUCTION
The quantum Rabi model (QRM) describes the sim-
plest light-matter interaction, between a two-level atom
and a single-mode bosonic field [1]. Despite its simplic-
ity, the QRM is of fundamental importance in different
areas of physics, particularly so in quantum optics [2].
The past decade has seen the remarkable development of
quantum technologies and experiments that give rise to
realizations of the QRM in several advanced platforms.
The most prominent example is circuit quantum elec-
trodynamics (QED) [3–5], where superconducting qubits
play the role of artificial atoms and strongly interact with
on-chip resonant circuits.
The Hamiltonian of the QRM reads (~ = 1)
HR =
∆
2
σz + ωa
†a+ gσx
(
a+ a†
)
, (1)
where ∆ is the level splitting of the qubit, ω is the field
frequency, a† and a are the creation and annihilation op-
erators, and σx,y,z are the standard Pauli matrices. The
QRM Hamiltonian commutes with the combined parity
operator [6, 7], i.e., [HR, P ] = 0 with P = σz exp(ipia
†a).
In other words, Eq. (1) is invariant under the parity
transformation P †HRP = HR. Thus the QRM possesses
a Z2 symmetry [7], which then permits spectral crossings
of levels from different symmetry sectors.
A well-known generalization of the QRM is obtained by
adding an asymmetric qubit bias term in Eq. (1), namely
HA =
∆
2
σz +

2
σx + ωa
†a+ gσx(a† + a). (2)
∗ batchelor@cqu.edu.cn
This model is known as the asymmetric quantum Rabi
model (AQRM) or biased QRM [8–16]. The AQRM nat-
urally appears in circuit QED systems, where the asym-
metric term 2σx is the bias of the superconducting flux
qubit, which can be tuned externally [3, 4].
Obviously, the AQRM with nonzero  does not com-
mute with the parity operator. Indeed, Eq. (2) is no
longer invariant under the parity transformation, with
P †HAP =
∆
2
σz − 
2
σx + ωa
†a+ gσx(a† + a). (3)
As a result, the Z2 symmetry is broken. In fact, there is
no explicit known symmetry in the AQRM.
In general cases, the spectral levels of the AQRM do
not cross, since they all belong to the same symmetry
sector. Interestingly, however, when /ω takes integer
values, level crossings emerge in the AQRM, as if the
Z2 symmetry is recovered [8]. Inspecting Eq. (3) shows
that this is not the case. There must thus be some other
type of parity-like symmetry in the AQRM, which is re-
ferred to as hidden symmetry [17–19]. Our aim here is
to understand the hidden symmetry in a wider context.
This paper is set out as follows. In section II, we show
the evidence for this hidden symmetry in the AQRM and
then explore the same symmetry in other related models
with a broken parity. We expect to get different condi-
tions for , which we call the -condition. In particular,
we explore how each term in the light-matter interaction
Hamiltonians affects the hidden symmetry. Section III is
devoted to a detailed discussion of the physical proper-
ties of the systems exhibiting hidden symmetry. Partic-
ular emphasis is given to the investigation of tunnelling
dynamics in the relevant models within the displaced os-
cillator basis. We find a strong connection between the
hidden symmetry and selective tunnelling. Concluding
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2remarks, with an outlook on future research, are given in
section IV.
II. HIDDEN SYMMETRY IN RELATED
MODELS
A. Asymmetric QRM
The hidden symmetry of interest was first observed in
the AQRM, and has been discussed by several authors
[8–10, 17–20].
As pointed out in the Introduction, the Z2 symmetry
in the QRM is broken by the  term. Level crossings
appear in the spectrum of the AQRM only if
 = nω, n = 1, 2, 3, . . . (4)
The spectrum exhibiting level crossings in Fig. 1(a) be-
longs to the original QRM. These crossing points are usu-
ally referred to as Juddian exceptional points [21], which
can be determined through polynomials in the system
parameters [22]. Fig. 1(b) displays the most general case
of the AQRM, where nonzero  lifts the degeneracies and
thus with no level crossings in the spectrum. In Fig. 1(c)
and 1(d), where  satisfies Eq. (4), level crossings appear
again. These points have been proven to be real cross-
ings [10, 17], and can be readily checked numerically [19].
Note that the value of ∆ does not affect the existence of
level crossings in the AQRM, as long as it is nonzero.
To demonstrate this, we have chosen random values of ∆
in the range of (0.5, 2.5) when generating the spectra in
Fig. 1.
The simple -condition (4) coincides with the pole
structure of the analytic solutions to the QRM, see
Refs. [8, 23–25]. This observation can also be made
in the spectrum, where, for example, exceptional en-
ergy baselines En = nω + g
2/ω + /2 and En+1 =
(n+ 1)ω + g2/ω − /2 coincide when  = ω [9, 10, 17].
In the following, we investigate level crossings in other
related models, and we will see that the -conditions
therein are not as simple as Eq. (4). However, they may
also be found through the pole structure of the analytic
solutions.
B. Asymmetric Rabi-Stark model
The QRM with a Stark coupling term, usually called
the Rabi-Stark model, has attracted recent interest [26–
31]. In the same manner as the AQRM, the asymmet-
ric Rabi-Stark model (ARSM) is obtained by adding the
asymmetric term,
HRS =
(
∆
2
+ Ua†a
)
σz+ωa
†a+gσx(a†+a)+

2
σx. (5)
Here |U/ω| < 1 is required to avoid unphysical results
[26]. As in the AQRM, Eq. (5) also has Z2 symme-
try when  = 0 and there are stable level crossings in
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FIG. 1. Spectrum of the asymmetric quantum Rabi model
with respect to the coupling strength g with (a) /ω = 0,
(b) /ω = 0.3, (c) /ω = 1 and (d) /ω = 2. The values
of ∆ are generated randomly in the range of (0.5, 2.5), to
explicitly demonstrate that ∆ is irrelevant to the existence of
degeneracy. For clarity, the energies are rescaled with E +
g2/ω.
the spectrum, as shown in Fig. 2(a). The general non-
crossing case of the ARSM spectrum is shown in Fig. 2(b)
with /c = 0.3, where degeneracies are lifted and no level
crossings exist.
The hidden symmetry is observed when
 = nc, c =
√
(ω − U) (ω + U). (6)
In Fig. 2(c) and 2(d), where the -condition Eq. (6) is sat-
isfied, the level crossings again appear. We have numer-
ically verified that these are real crossings. Here again,
to show that the existence of hidden symmetry does not
rely on other parameters, we have chosen to generate U
randomly in the range (0, 0.75).
In fact the ARSM represents a family of models in
which the field frequency is modified. We now consider
a slightly different model, namely
H ′RS = HA ± Ua†aσ±σ∓, (7)
in which the photon frequency is altered either in the
spin-up or spin-down subspace. The hidden symme-
try also exists in this model, with the corresponding -
condition one would expect, i.e.,
 = n′c, 
′
c =
√
ω (ω ± U). (8)
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FIG. 2. Spectrum of the asymmetric Rabi-Stark model with
respect to the coupling strength g, with ∆ = 1, ω = 1, and
random values of U/ω in the range of (0, 0.75). The bias
parameter has values (a) /c = 0, (b) /c = 0.3, (c) /c = 1
and (d) /c = 2, where c is determined through Eq. (6). For
clarity, the energies are rescaled with E + g2/ω.
There is a high similarity between the Hamiltonians in
Eq. (2) and Eq. (7) and their spectra, so we do not include
these figures here.
Up to this point, we have seen that the modifica-
tion in frequency affects the hidden symmetry and the
-condition.
C. Anisotropic AQRM
The anisotropic AQRM [32, 33] consists of different
coupling strengths for two kinds of light-matter interac-
tion terms, i.e., the energy conserving co-rotating terms
and the energy non-conserving counter-rotating terms.
Exploring the anisotropic AQRM provides some intuition
about how the interaction terms affect the hidden sym-
metry. The Hamiltonian of the anisotropic AQRM is
Han =ωa
†a+
∆
2
σz +

2
σx
+ g1(σ−a† + σ+a) + g2(σ+a† + σ−a).
(9)
When  = 0, the anisotropic QRM interpolates between
the Jaynes-Cummings model (g2 = 0) [34] with U(1)
symmetry and the QRM (g1 = g2) with Z2 symmetry.
For g1 = 0, we obtain the model we shall call the anti-
Jaynes-Cummings model. Here we restrict ourselves to
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FIG. 3. Spectrum of the anisotropic asymmetric quantum
Rabi model with respect to the coupling strength g1, with
g2 = λg1, ω = 1,∆ = 0.5 and other parameter values as
denoted in the figure. Here c = 
an
c is determined through
Eq. (10). For clarity, the energies are rescaled with E + (1 +
λ2)g21/ω.
the case where both g1 and g2 are nonzero, and g2 =
λg1, λ 6= 0. The Z2 symmetry is broken if  6= 0.
The hidden symmetry exists in the anisotropic AQRM
defined in Eq. (9), given that g2 = λg1. By observing the
pole structure in the analytic solutions [33], we find the
-condition for this model to be
 = nanc , 
an
c =
2
√
λ
1 + λ
ω, (10)
which reduces to Eq. (4) when λ = 1.
Fig. 3 shows the spectrum for the anisotropic AQRM
with various . The spectrum of the symmetric case with
 = 0 is similar to that of the original QRM. Level cross-
ings are lifted with any  value that does not obey the
-condition (10). When Eq. (10) is satisfied, on the other
hand, the level crossings are present again.
In the case where g1 and g2 are independent of each
other, no hidden symmetry is found.
D. Other related models
Until now we have seen that the hidden symmetry
is affected by the modification of field frequency and
anisotropy in the interaction terms. It is then natural
4to ask how other relevant parameters would affect the
hidden symmetry. Here we discuss a few more related
models. Since these models are much more complicated
than the AQRM which simply considers a single mode
and a single atom, we only aim to explore the existence
of hidden symmetry in these models, without pursuing
the corresponding -conditions analytically.
1. Two-mode AQRM
We now consider the two-mode AQRM [35], whose
Hamiltonian takes the form
Htm =
∆
2
σz+

2
σx+
2∑
i=1
ωia
†
iai+
2∑
i=1
giσx(a
†
i +ai), (11)
for which the Z2 symmetry exists when  = 0.
Observing that there are always crossings when ω1 =
ω2, we conjecture there is an |ω1 − ω2| term in its -
condition. When ω1 6= ω2, the existence of the hidden
symmetry is unclear.
We would like to point out that there is another form
of the two-mode AQRM, in which the interaction term
is written as gσx(a
†
1a
†
2 + a1a2) [36]. However, this alter-
native Hamiltonian has U(1) symmetry [37], rather than
Z2.
2. Two-qubit AQRM
Hidden symmetry in the two-qubit AQRM [36, 38–40]
is also worth considering. Even though the atomic term
∆σz/2 in the AQRM does not affect the existence of level
crossings, we still seek to understand what role the qubit
plays here. The Hamiltonian of interest reads
Htq =
2∑
i=1
(
∆i
2
σiz +
i
2
σix
)
+ ωa†a+
2∑
i=1
giσix(a
† + a),
(12)
which also possesses Z2 symmetry when 1 = 2 = 0.
We find that only in the identical qubits case, i.e., when
∆1 = ∆2, g1 = g2, does the level crossings appear with
nonzero biases 1 = 2. This could be related to the
permutation symmetry of identical qubits, as mentioned
in [39]. However, we cannot rule out the possibility of
the hidden parity-like symmetry that we emphasize in
this article. Unlike for the previous models discussed, all
the parameters in Eq. (12) have effects on the existence
of level crossings, which makes finding the -condition
through observation difficult.
It is worth noting that the so-called “dark states” [39]
that exist in the original two-qubit QRM also appear in
the asymmetric counterpart under the condition 1 = 2,
of course, also in the identical qubits case.
III. TUNNELLING DYNAMICS
Having demonstrated the existence of the hidden sym-
metry in various models, let us now concentrate on two
cases in which the -conditions are explicitly known: the
AQRM (2) and the ARSM (5). Although no correspond-
ing constant of motion with physical interpretation has
been found, it is still possible to understand the sym-
metry intuitively from some physical properties. Partic-
ularly, we consider the tunnelling dynamics in the dis-
placed oscillator basis.
A. Displaced oscillator basis
Following what has been adapted in the original QRM
to derive the adiabatic approximation [41], we can regard
the part of the AQRM Hamiltonian
Hdo = ωa
†a+ gσx(a† + a) +

2
σx (13)
as two displaced harmonic oscillators, with displacing di-
rections determined by the two eigenvalues of σx. The
∆
2 σz term in Eq. (2) therefore describes the tunnelling be-
tween these two oscillators. The eigenstates of Eq. (13)
are
|n±,±〉 = |n±〉 ⊗ |±〉, (14)
with |±〉 satisfying σx|±〉 = ±|±〉 and |n±〉 being the dis-
placed Fock states, or the so-called generalized coherent
states, namely
|n±〉 = exp
[
± g
ω
(a− a†)
]
|n〉. (15)
Here |n〉 with n = 0, 1, 2, . . . are the standard Fock states.
The corresponding energy eigenvalues are given by
E±n = nω −
g2
ω
± 
2
, (16)
in which nonzero  lifts the degeneracy and leads to
asymmetry in the oscillator potentials, corresponding to
the breaking of parity symmetry. While the eigenstates
Eq. (14) form a basis, the generalized coherent states
themselves obey different orthogonal conditions,
〈m±|n±〉 = δmn, 〈m±|n∓〉 6= 0. (17)
In the following numerical computations, we will apply
exact diagonalization to the Hamiltonian matrices ex-
pressed in the basis of Eq. (14). Details can be found
in Appendix. A.
The effective potentials and energy levels of Eq. (13)
are displayed schematically in Fig. 4(a) and Fig. 4(b). If
 = 0, the energy levels of Eq. (13) are doubly degenerate,
and the two oscillators in Fig. 4(a) are symmetric with
respect to the E-axis. Nonzero  breaks this degeneracy
and shifts the oscillators in opposite directions along the
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FIG. 4. (a) Schematic effective potentials of Eq. (13) for
 = 0. The potentials are symmetric, corresponding to the
Z2 symmetry in the standard QRM. (b) Schematic effective
potentials of Eq. (13) for nonzero . The potentials are now
asymmetric, corresponding to broken Z2 symmetry. (c) Low-
est three levels in (b). For ∆/ω  1, the tunnelling pro-
cess in the AQRM can be simplified into a three-level system.
The AQRM Hamiltonian matrix elements admit tunnelling
between different oscillators and forbid transitions within the
same oscillator.
energy axis (up or down), as in Fig. 4(b). When  = mω,
which coincides with the -condition of the AQRM in
Eq. (4), levels E+n are degenerate with E
−
n+m, while lower
levels of the |−〉 oscillator stay non-degenerate.
B. Tunnelling Dynamics in the AQRM
Having established the displaced oscillator basis, we
now consider the tunnelling dynamics [42] of the AQRM.
The tunnelling term Hat =
∆
2 σz in the AQRM Hamil-
tonian (2) ensures that transitions can only take place
between different oscillators. Moreover, in the parameter
regime ∆/ω  1, numerical observation shows that tun-
nelling and reflections between levels with large energy
gaps are negligible. The tunnelling process in this pa-
rameter regime can therefore be safely approximated as
a three level transition problem, as depicted in Fig. 4(c).
Suppose the system is in the state |0+,+〉 at time t = 0.
The tunnelling matrix elements calculated in Appendix
A admit the evolution towards levels |0−,−〉 and |1−,−〉,
and forbid the transition within the same oscillator.
According to standard time-dependent perturbation
theory, the tunneling frequencies of the processes
|0+,+〉 ↔ |0−,−〉 and |0+,+〉 ↔ |1−,−〉 are calculated
as
ω00 =
1
2
√
δ200 + 4Ω
2
00, ω01 =
1
2
√
δ201 + 4Ω
2
01. (18)
Here δ00 =  and δ01 = ω −  are the level gaps as
displayed in Fig. 4(c). Ω00 =
∆
2 〈0−|0+〉 and Ω01 =
∆
2 〈1−|0+〉 are the corresponding tunnelling matrix ele-
ments (see detailed calculations in Appendix B ).
When  = 0, level |0+,+〉 and |0−,−〉 are degenerate,
and the tunnelling process can be further reduced to a
two-level transition problem, which can be solved ana-
lytically (see Appendix B). In this case, the tunnelling
|0+,+〉 ↔ |1−,−〉 is negligible. On the other hand, if
 = ω and levels |0+,+〉 and |1−,−〉 are degenerate,
the |0+,+〉 ↔ |0−,−〉 tunnelling can be omitted and the
|1+,+〉 ↔ |0−,−〉 process dominates.
In the following we consider the tunnelling dynamics
with various values of . Since our computations only
concern the lowest several levels, we restrict ourselves in
one cycle, i.e., 0 ≤ /c . 1 without loss of generality.
In the intermediate regime, it is meaningless to calculate
tunnelling frequencies. We thus use the interpolating for-
mula
ωu = (1− )ω00 + ω01, T = 2pi
ωu
, (19)
to rescale the time axis in the dynamics computation of
the AQRM.
The time evolution of the AQRM for various values of 
is shown in Fig. 5. Here we have chosen small tunnelling
parameter ∆/ω = 0.1 to emphasize the peculiarity of the
special cases where -condition (4) is satisfied. However,
we shall see later that the phenomena shown here are
rather general and apply to larger ∆ cases. In Fig. 5,
when  = 0, i.e., the symmetric case, the tunnelling al-
most only occurs between the degenerate states |0+,+〉
and |0−,−〉, behaving like Rabi oscillation in a two level
system. Then we increase /ω to 0.1, the tunnelling de-
creases drastically to almost vanish. With /ω = 1, the
-condition (4) is satisfied, and the tunnelling oscillation
takes place again, between now degenerate states |0+,+〉
and |1−,−〉. If we further increase  to 1.1ω, the tun-
nelling decreases again. Thus we see that when /ω = n,
the tunnelling exclusively occurs within the degenerate
states. This is, however, not so obvious in the normal
photon-qubit basis. It is also worth noting that the pop-
ulation of state |1+,+〉 is almost always zero, which jus-
tifies the three-level approximation shown in Fig. 4(c).
C. Tunnelling Dynamics in the ARSM
The picture is much more complicated in the ARSM
due to the nonlinear tunnelling term
HRSt =
(
∆
2
+ Ua†a
)
σz. (20)
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FIG. 5. Tunnelling dynamics of the asymmetric quantum
Rabi model, from initial state |0+,+〉 (blue) to |0−,−〉
(green), |1+,+〉 (orange) and |1−,−〉 (red) with various in-
dicated values of . Other parameters are ∆ = 0.1, g = 1 and
ω = 1. Time is rescaled with T determined by Eq. (19). The
population of state |1+,+〉 is almost always zero and invisible
in the figures, which justifies the three-level approximation.
The three-level approximation displayed in Fig. 4(c) is
no longer valid, because the Stark term substantially en-
hances the tunnelling between levels with large energy
gaps. As a consequence, the tunnelling frequencies are
not easily calculated in the ARSM. Fortunately, with the
analytic -condition for the ARSM (6) at hand, we are
still able to investigate the tunnelling dynamics numer-
ically. An important difference here is, when Eq. (6) is
satisfied, there are no degenerate levels in the displaced
oscillators.
We now set large tunnelling parameters ∆/ω = 0.8 and
U/ω = 0.5, which implies c ≈ 0.866 according to Eq. (6).
As a result, /c = 1.15 corresponds to the degenerate
case. The time evolution is shown in Fig. 6. The overall
behavior of tunnelling dynamics in the ARSM is quite
similar to that of the AQRM displayed in Fig. 5. Partic-
ularly, we notice that the tunnelling oscillation emerges
when /c = 1, in Fig. 6(d), rather than the degener-
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FIG. 6. Tunnelling dynamics of asymmetric Rabi-Stark
model, from initial state |0+,+〉 (blue) to |0−,−〉 (green),
|1+,+〉 (orange) and |1−,−〉 (red) with various indicated val-
ues of . Other parameters are ∆ = 0.8, U = 0.5, g = 1,
ω = 1, and c is determined through Eq. (6).
ate case in Fig. 6(e). This confirms the special role of
-condition (6) in the ARSM.
Here we observe that large tunnelling parameters ∆
and U lead to similar dynamics but generate extra small-
amplitude fast oscillations.
IV. CONCLUSION
In this work, we have explored hidden symmetry in
detail for various fundamental light-matter interaction
models. We find that the hidden symmetry is not lim-
ited to the AQRM, where it was first observed, but is
also present in other models with an asymmetric qubit
bias term. We have determined the conditions for the
existence of this hidden symmetry in the ARSM (5) and
in the anisotropic AQRM (9) by taking advantage of the
analytic solutions for these models. To the relatively sim-
ple known condition (4) for the AQRM we thus add the
condition (6) for the ARSM and the condition (10) for
7the anisotropic AQRM. We conjecture that this hidden
symmetry is a rather general property in the light-matter
interaction models with broken Z2 symmetry. It’s pos-
sible existence in other related, but more complicated,
models is also discussed. Here we have not further pur-
sued the -conditions for these models, which in principle
look achievable.
The hidden symmetry in the displaced oscillator basis
and the tunnelling dynamics in the AQRM (2) and the
ARSM (5) have also been investigated. In the symmet-
ric cases where  = 0, the tunnelling dominantly takes
place between the degenerate levels. On the other hand,
when -conditions (4) and (6) are satisfied by nonzero
, the tunnelling almost exclusively occurs between the
correlated levels. In the intermediate regimes, however,
tunnelling is drastically reduced. The time evolution of
the AQRM and the ARSM reveals a strong connection
between the hidden symmetry and selective tunnelling.
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Appendix A: Displaced oscillator basis
We consider the displaced oscillator Hamiltonian
Hdo = ωa
†a+ gσx(a† + a) +

2
σx. (A1)
To diagonalize Eq. (A1), we first write the eigenstates as
|φ±,±〉 = |φ±〉 ⊗ |±〉, (A2)
where σx|±〉 = ±|±〉 and |φ±〉 are to be determined. The
time-independent Schro¨dinger equation for Eq. (A1) is
then[±g(a† + a) + ωa†a] |φ±〉 = (E ∓ 
2
)
|φ±〉. (A3)
The l.h.s can be written as[(
a† ± g
ω
)(
a± g
ω
)]
= D†
(
± g
ω
)
a†aD
(
± g
ω
)
, (A4)
where D(α) = exp[α(a† − a)] is a displacement operator.
In the position-momentum representation
x =
√
1
2ω
(a† + a), p = i
√
ω
2
(a† − a), (A5)
the form of Eq. (A4) can then be understood as an
harmonic oscillator displaced by position ∓ gωx0, with
x0 =
√
1/2ω. The eigenstates of the displaced oscil-
lators are the displaced Fock states, also referred to as
generalized coherent states,
|φ±〉 = exp
[
∓ g
ω
(
a† − a)] |n〉 = |n±〉, (A6)
with n = 0, 1, 2, 3, . . . The corresponding energies are
given by
E±n = nω −
g2
ω
± 
2
. (A7)
The tensor product eigenstates Eq. (A2) themselves
are orthonormal,
〈mj , j|nk, k〉 = δmnδjk. (A8)
However, the displaced Fock states in Eq. (A6) are not
always orthogonal. Indeed, we have
〈m±|n±〉 = δmn, 〈m±|n∓〉 6= 0. (A9)
The overlap 〈m±|n∓〉 6= 0 is introduced by the tunnelling
terms containing σz that we consider in the present pa-
per.
The overlap between Fock states displaced in different
directions is calculated through (m ≥ n)
〈m−|n+〉 = e−2α2(−2α)m−n
√
n!
m!
Lm−nN (4α
2), (A10)
where α = g/ω and Ljk is the associated Laguerre poly-
nomial. For m < n, we exploit the identity 〈m−|n+〉 =
(−1)n−m〈n−|m+〉. Since this overlap is always real, we
also know that
〈m−|n+〉 = 〈n+|m−〉. (A11)
We can now write the Hamiltonian matrix of the
AQRM or the ARSM in the displaced oscillator basis
{|m−,−〉, . . . , |n+,+〉, . . . } as
H =

E−0 0 0 · · · Ω00 Ω01 Ω02 · · ·
0 E−1 0 · · · Ω10 Ω11 Ω12 · · ·
0 0 E−2 · · · Ω20 Ω21 Ω22 · · ·
...
...
...
. . .
...
...
... · · ·
Ω00 Ω10 Ω20 · · · E+0 0 0 · · ·
Ω01 Ω11 Ω21 · · · 0 E+1 0 · · ·
Ω02 Ω12 Ω22 · · · 0 0 E+2 · · ·
...
...
...
...
...
...
...
. . .

, (A12)
where E±n are determined from Eq. (A7) and Ωmn de-
notes the matrix element 〈m−,−|Ht|n+,+〉. Here Ht is
the tunnelling term in different models and the hermitic-
ity of the Hamiltonian has been used.
From now on, in the appendix A we will exclusively
work in the order 〈m−|n+〉, we thus omit the subscripts
and simply write the nonzero overlap as 〈m|n〉. In the
AQRM (2), the tunnelling term is
Hat =
∆
2
σz, (A13)
and the resulting matrix elements are thus simply
Ωamn =
∆
2
〈m|n〉. (A14)
8In the ARSM (5), the tunnelling term reads
HRSt =
(
∆
2
+ Ua†a
)
σz, (A15)
and the matrix elements are
ΩRSmn =
∆
2
〈m|n〉+ U〈m|a†a|n〉. (A16)
After some commutator operations, we have
aD(α) = D(α)(a− α), (A17)
the second term in Eq. (A16) is then obtained as
〈m|a†a|n〉 =α√n〈m|n− 1〉 − α√m〈m− 1|n〉
+
√
mn〈m− 1|n− 1〉 − α2〈m|n〉, (A18)
with aforementioned α = g/ω.
Therefore, all the matrix elements in Eq. (A12) for the
AQRM and the ARSM can be calculated.
Appendix B: Tunnelling frequency
The tunnelling frequency between any two interacting
levels is calculated using standard time-dependent per-
turbation theory [43, 44]. Suppose the system Eq. (A1)
is initially in the state |m+,+〉 with energy E+m and only
interacts with state |n−,−〉 having energy E−n . The off-
diagonal perturbation is turned on at time t = 0. Accord-
ing to time-dependent Schro¨dinger equation, the coeffi-
cients of two states at time t obey the differential equa-
tions
c˙m = −iΩmne−iδnmtcn, c˙n = −iΩnmeiδnmtcm, (B1)
with δnm = E
−
n − E+m being the energy gap. Eq. (B1)
can be solved exactly as
cm(t) = exp
(−iδmnt
2
)
×[
cos (ωmnt) +
iδnm
ωmn
sin (ωmnt)
]
,
(B2)
and
cn(t) =
Ωnm
iωmn
exp
(
iδnmt
2
)
sin (ωmnt) , (B3)
respectively, where the tunnelling frequency ωmn =√
δ2nm + 4Ω
2
mn/2. The corresponding populations are
therefore
Pm(t) = cos
2 (ωmnt) +
δ2nm
4ω2mn
sin2 (ωmnt) , (B4)
and
Pn(t) =
Ω2mn
ω2mn
sin2 (ωmnt) . (B5)
The tunnelling dynamics in Fig. 5 can be perfectly de-
scribed by these last two equations.
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